In this paper we establish a relation between quantum relative phase, m-tangle, and multi-local Lorentz-group invariant or SL(2, C) ×m -invariant S 2 (m) . Our construction is based on the orthogonal complement of a positive operator valued measure on quantum phase. In particular, we propose a quantity based on the quantum relative phase of a multi-qubit operator that coincides with m-tangle, and multi-local Lorentz-group invariant.
I. INTRODUCTION
Quantum entanglement is an interesting quantum phenomena, with many applications in the field of quantum information processing. The problem of quantifying and classifying multipartite quantum systems is a challenging task which e.g., could results in designing many powerful quantum algorithms. Recently, there have been an increase of activity among researcher to construct measures of entanglement for bipartite and multipartite systems. One of the well-known measures of entanglement for a pair of qubits is the concurrence, which is directly related to the entanglement of formation [1, 2, 3] . For multi-qubit system, we have also some important measures of entanglement such as m-tangle, multi-local Lorentz-group invariant, and Hilbert-Schmidt distance [4, 5, 6] . Recently, we have also defined concurrence classes for multi-qubit states [7] based on an orthogonal complement of a positive operator valued measure (POVM) on quantum phase. In this paper, we will also construct a quantity which coincides with m-tangle and multi-local Lorentz-group invariant based on orthogonal complement of a POVM. In particular, in section II we review the construction of m-tangle, multi-local Lorentz-group invariant, and Hilbert-Schmidt distance. We also discuss in detail the relation between these measures of entanglement. In section III we will first review the construction of the POVM. Then, we will construct a measure of entanglement by considering a POVM that includes all subsystems quantum phases of a multi-partite systems.
Finally, we will establish a relation between this measure of entanglement and m-tangle, multi-local Lorentz-group invariant, and Hilbert-Schmidt distance.
II. M-TANGLE, MULTI-LOCAL LORENTZ-GROUP INVARIANT, AND HILBERT-SCHMIDT DISTANCE
Here we will give a short introduction to the concurrence and one of its generalization, namely the m-tangle. We will also review the construction of multi-local Lorentz-group invariant and Hilbert-Schmidt distance. Moreover, we will discuss the relation between these measures of entanglement. Now, we define a multi-qubit state as
with corresponding Hilbert space
let us introduce a complex conjugation operator C m that acts on the multipartite quantum state |Ψ as
The density operator ρ Q is said to be fully separable, which we will denote by ρ The concurrence of two-qubit states is defined as
where the tilde represents the "spin-flip" operation | Ψ = σ y ⊗ σ y |Ψ * and |Ψ * is defined by equation (2) and
 is a Pauli spin-flip operator [2, 3] . This construction can be generalized to a multi-qubit system by defining
where σ ⊗m y denotes m-folds tensor product of σ y . Next, we define m-tangle as
for every even m-qubit system [4] . The m-tangle is a symmetry based measure of entanglement. Next, we define a multi-local Lorentz-group invariant or SL(2, C)
where the generalized spin-flip operation is defined by
The multi-local Lorentz-group invariant is also related to the m-tangle as follows
Moreover, there is a relation between Hilbert-Schmidt distance and the multi-local Lorentzgroup invariant as follows
where P (ρ) is the purity of ρ and
Furthermore, there is a relation between the spin-flip symmetry measure which is defined as
and the multi-local Lorentz-group invariant and between Hilbert-Schmidt which are also related to the m-tangle for pure state. In the following section we will show that these quantities are related to quantum phase of a multi-qubit state.
III. RELATIVE QUANTUM PHASE AND m-TANGLE
In this section we will establish a relation between the multi-local Lorentz-group invariant, Hilbert-Schmidt, m-tangle, and a measure of entanglement for multi-qubit states based on the orthogonal complement of the POVM on quantum phase. Our POVM is a set of linear operators ∆(ϕ 1,2 , . . . , ϕ 1,N , ϕ 2,3 , . . . , ϕ N −1,N ) furnishing the probabilities that the measurement of a state ρ on the Hilbert space H is given by
where (ϕ 1,2 , . . . , ϕ 1,N , ϕ 2,3 , . . . , ϕ N −1,N ) are the outcomes of the measurement of the quantum phase, which is discrete and binary. This POVM satisfies the following properties, ∆(ϕ 1,2 , . . . , ϕ 1,N , ϕ 2,3 , . . . , ϕ N −1,N ) is self-adjoint, is positive, and is normalized, i.e.,
where the integral extends over any 2π intervals of the form (ϕ k , ϕ k + 2π) and ϕ k are the reference phases for all k = 1, 2, . . . , N. A general and symmetric POVM in a single N jdimensional Hilbert space H Q j is given by
where j = 1, 2, . . . , m, |k j and |l j are the basis vectors in H Q j and the quantum phases satisfy the following relation ϕ k j ,l j = −ϕ l j ,k j (1−δ k j l j ). Moreover, the orthogonal complement of our POVM is given by
where I N j is the N j -by-N j identity matrix for subsystem j [7] . The POVM is a function of the N j (N j − 1)/2 phases (ϕ 1 j ,2 j , . . . , ϕ 1 j ,N j , ϕ 2 j ,3 j , . . . , ϕ N j −1,N j ). It is now possible to form a POVM of a multipartite system by simply forming the tensor product
where, e.g., ϕ k 1 ,l 1 is the set of POVMs phase associated with subsystems Q 1 , for all k 1 , l 1 = 1, 2, . . . , N 1 , where we need only to consider when l 1 > k 1 . The unique structure of our POVM enables us to distinguish different classes of multipartite states. In the m-partite case, the off-diagonal elements of the matrix corresponding to
have phases that are sum or differences of phases originating from two and m subsystems.
That is, in the later case the phases of ∆ Q (ϕ k 1 ,l 1 , . . . , ϕ km,lm ) take the form (ϕ k 1 ,l 1 ± ϕ k 2 ,l 2 ±
. . . ± ϕ km,lm ). For example for the case when the phases originating from m subsystems, we define a linear operators based on our POVM which are sum and difference of phases of m-subsystems by
where by choosing ϕ k j ,l j = π 2 for all k j < l j , j = 1, 2, . . . , m, we get an operator which has the structure of Pauli operator σ y embedded in a higher-dimensional Hilbert space and coincides with σ y for a single-qubit. Next, we will define following quantity Γ m (|Ψ ) = | Ψ| ∆(ϕ k 1 ,l 1 , . . . , ϕ km,lm )Ψ * | 2 ,
where |Ψ * is given by equation (2) . For multi-qubit state, that is k j < l j = 2, j = 1, 2, . . . , m, the operator ∆(ϕ k 1 ,l 1 , . . . , ϕ km,lm ) reduced to 
for even m and m > 3 by definition. For mixed multi-qubit system we have Γ m (ρ) = Tr(ρ ∆ (m) (ϕ k 1 ,l 1 , . . . , ϕ km,lm )ρ * ∆ (m) (ϕ k 1 ,l 1 , . . . , ϕ km,lm )) = S
